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Abstract
We propose here optical resonance imaging (ORI), a direct optical analog to magnetic res-
onance imaging (MRI). e proposed pulse sequence for ORI maps space to time and recovers
an image from a heterodyne-detected third-order nonlinear photon echo measurement. As
opposed to traditional photon echo measurements, the third pulse in the ORI pulse sequence
has signicant pulse-front tilt that acts as a temporal gradient. is gradient couples space
to time by stimulating the emission of a photon echo signal from dierent lateral spatial
locations of a sample at dierent times, providing a wideeld ultrafast microscopy. We cir-
cumvent the diraction limit of the optics by mapping the lateral spatial coordinate of the
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sample with the emission time of the signal, which can be measured to high precision us-
ing interferometric heterodyne detection. is technique is thus an optical analog of MRI,
where magnetic-eld gradients are used to localize the spin-echo emission to a point below
the diraction limit of the radio-frequency wave used. We calculate the expected ORI signal
using 15 fs pulses and 87◦ of pulse-front tilt, collected using f/2 optics and nd a two-point
resolution 275 nm using 800 nm light that satises the Rayleigh criterion. We also derive
a general equation for resolution in optical resonance imaging that indicates that there is a
possibility of superresolution imaging using this technique. e photon echo sequence also
enables spectroscopic determination of the input and output energy. e technique thus cor-
relates the input energy with the nal position and energy of the exciton.
Keywords
Ultrafast Microscopy, Superresolution Imaging, Spectral Interferometry, Exciton Imaging, Pulse-
front Tilt
e diraction limit theoretically constrains an imaging system’s spatial resolution,1,2 and
yet several approaches can resolve structures below the diraction limit. Near-eld techniques
require having a small aperture, or scaering material in close proximity (<10 nm) to the sample
to measure the electromagnetic elds before they propagate into the radiation zone,3–5 while in
the far-eld some techniques collect uorescence from a diuse array of emiers and localize
the source to a sub-diraction-limited spot.6–8 Other far-eld uorescence techniques require il-
lumination of the wideeld image with a structured laser eld to generate interference eects
in the illumination that eectively illuminate a sub-diraction limited slice of the sample.9,10 All
approaches requiremilliseconds to seconds of collection time to produce an image. us, an appa-
ratus can overcome the diraction limit with these techniques but cannot simultaneously observe
dynamical processes on timescales faster than the acquisition time.11 Faster dynamics, such as
those on the femtosecond (fs) to picosecond (ps) timescale, play a critical role in diverse physi-
cal and chemical processes ranging from energy transfer in photosynthetic light harvesting12–14
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and excitonic diusion in materials,15–17 to photochemistry18,19 and the molecular dynamics of
liquids.20–22 ORI will allow access to these faster dynamics.
Leveraging time to gain spatial information is always necessary to beat the diraction limit in
the optical regime. For example, the rst successful approach to far-eld, sub-diraction-limited
imaging in the optical region of the spectrum exploited the time domain by stimulating emis-
sion prior to uorescence. STimulated-Emission Depletion (STED) microscopy7,23 makes use of
a diraction-limited excitation beam that is followed in short succession by a toroidal depletion
beam. e depletion beam stimulates emission from the outside edge of the diraction-limited
spot, leaving an excitation area that is smaller than that originally illuminated by the excita-
tion beam, thus decreasing the point-spread function and enabling superresolution imaging of
diverse systems ranging from cells to nanomaterials.24 Fluorescence-based superresolution tech-
niques such as PALM6 or STORM8 use the spatial information from dierent emiers collected
at dierent times to produce a superresolution image, whereas near-eld techniques, like NSOM,
as the name implies, must raster scanning over dierent positions at dierent times.
Superresolution at radio frequencies, also known as Magnetic resonance imaging (MRI), has
shown that it is possible to decouple an image’s resolution from the wavelength of light by creat-
ing spatially-dened magnetic eld gradients across a sample.25 e gradients change the Larmor
frequency of the precessing nuclear spins (and thus the emied photon energy) as a function of
spatial position.26,27 e diraction limit does not constrain the dierences in photon energy,
which can be measured to higher precision than their source could be imaged with optics. As
a result, MRI maps a spatial coordinate to energy and uses meter-long light waves to generate
images with millimeter-scale resolution, which has transformed the elds of medicine and neu-
roscience.28
In this work, we propose an optical analog of MRI to achieve wideeld, sub-diraction-limited
imaging using ultrashort (femtosecond) laser pulses, which we call optical resonance imaging
(ORI). To gain information about dynamics faster than the nanosecond timescale of uorescence,
ORI employs a three-pulse, photon-echo pulse sequence to stimulate emission from the sample.
3
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Unlike other photon-echo measurements, the stimulating pulse has signicant pulse-front tilt.
As such, ORI maps a lateral spatial coordinate of the sample to the emission time of the signal.
e ultrashort character of the tilted pulse at the sample ensures that the emission of a photon-
echo signal will occur at dierent times. e ultrafast temporal resolution makes sub-diraction-
limited imaging possible by measuring a dierence in arrival time at the detector of dierent
parts of the signal with high precision. In essence, we exploit the same approach as in MRI,
but instead of mapping space to energy, we map space to the time of emission. Being Fourier
conjugates for electromagnetic elds, both time and energy allow us to escape the diraction
limit in a similar way, while the diraction limit still determines time-independent, wave-like
properties of the EM eld such as the focal-spot size and pulse-front tilt that can be generated.
We discuss below the conditions necessary for optical resonance imaging, and the possibilities
for wideeld, superresolution ultrafast imaging.
Results and Discussion
Two key concepts from ultrafast nonlinear spectroscopy enable ORImeasurements – the stim-
ulated emission of a photon echo, and interferometric heterodyne detection. A photon echo re-
sults from a third-order nonlinear optical process.29,30 ree separate interactions of the sample
with an optical electric eld (in this case, three laser pulses) generate a polarization, P (3)(τ, T, tR),
in the material that emits a signal, E(3)sig , where τ is the time between pulses 1 and 2, T is the time
between pulses 2 and 3, and tR is the time aer pulse 3 interacts with the sample. ird-order
perturbation theory ultimately shows that P (3)(τ, T, tR) is the time-ordered convolution of the
material response function, R(3)(τ, T, tR), with the three laser pulses that interact with the sam-
ple at dierent times. In the impulsive limit, where the laser pulse duration is much shorter than
the timescale of the dynamics of interest, the laser pulses can be thought of as delta functions,
yielding a direct measurement of the response function. e photon-echo response can be iso-
lated experimentally from other contributions to E(3)sig(t) by using a phase-matching geometry of
the input beams that selects for the rephasing Liouville space pathways.31,32
4
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Figure 1: e pulse sequence for ORI. Pulses 1 and 2 are separated by time τ and prepare a
population state which evolves for the waiting time T. pulse 3 stimulates emission of a photon
echo from the sample. Since pulse 3 has signicant pulse-front tilt, dierent parts of the sample
will emit an echo at dierent times. e signal is emied some time aer pulse 3 and is shown in
green. e right portion of the gure shows a plot of the calculated spatial and temporal extent
of the third pulse with pulse-front tilt, focused at the sample using f/0.5 optics. e contours
are ploed for the pulse intensity. A representative phase front of the pulse is illustrated by the
dashed black line, and the angle γ denes the pulse-front tilt, Wf is the focused spot size and Tf
is the length swept out by the pulse-front tilt. At the focus, the FWHM of the tilted pulse in the
direction of propagation is 15 fs, the same as for the at pulses (pulses 1 & 2).
Beams with pulse-front tilt (PFT) have a non-separable coupling between space and time that
results in the intensity front of the beam having an angle relative to the phase front.33 Fig. 1
shows the calculated intensity prole focused at the sample position of a beam that has PFT, with
γ the angle between the pulse-front and the phase front. e electric eld of a beam containing
PFT can be wrien as
E(x, t) = Ex(x)Et(t− px), (1)
where Ex is the spatial component in a direction perpendicular to the direction of propagation,
Et is the temporal component, and p is the coupling term representing PFT.us, the arrival time
of the electric eld is also a function of the position along the beam. When a laser pulse with PFT
is incident on a sample, dierent parts of the pulse interact with dierent parts of the sample at
5
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dierent times. is can be thought of as a time-dependent local spot size that sweeps across the
diraction-limited, time-integrated focal spot.34
e pulse sequence needed for ORI can also be seen in Fig. 1. e pulse order and phase-
matching condition are identical to a photon-echo pulse sequence used in 2D electronic or in-
frared spectroscopy.31 e ORI pulse sequence diers from the sequence used for a conventional
photon echo in that pulses 1 and 2 have no PFT, while the third pulse that stimulates the coher-
ent emission and generates the photon-echo signal has a large angle of PFT. e PFT of the third
pulse ensures that emission from dierent parts of the sample is stimulated at dierent times.
is approach introduces a coupling between space and time into the third-order response of the
system such that R(3)(τ, T − px, tR).35
To make this coupling between space and time possible, one must deliver a pulse with PFT to
the sample and have it retain its ultrashort character. One way to generate PFT can be found if
we consider Eqn. 1. If we take the fourier transform of both space and time we nd
∫∫
dx dtEx(x)Et(t− px)eiωteikxx =
∫
dxEx(x)E(ω)e
−iωpxeikxx = E(kx − pω)E(ω), (2)
where we have made two uses of the shi theorem of Fourier analysis.36 Clearly then, dω/dk =
p, which is closely related to angular dispersion, dθ0/dk = p/k0, where θ0 is dened as the
propagation angle.33 e angular dispersion gained by a beam aer diracting o of a grating
will generate PFTwhen that beam is re-imaged. Experimental results in the literature have shown
that when the grating generating a tilted pulse is appropriately imaged, the imaged pulse retains
its femtosecond character across its entire focal spot.37 ough not relevant to ORI, it should be
noted that not all electric elds can be wrien as in Eqn. 1, so PFT can also be generated from
the product of spatial chirp and group velocity dispersion in a beam.33
We calculated the tilted beam prole of pulse 3 at the focus of an image producing optical
system by propagating a Gaussian beam through an optical system calculated using the Kosten-
bauder extension to ray-transfer matrices.38 e result is shown in the right portion of Fig. 1.
6
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e Kostenbauder matrices allow us to follow spatio-temporal couplings as a beam propagates
through an optical system. Traditional ray-transfer linear algebra involves 2-dimensional vectors
(containing position and angle) and 2 x 2 ABCDmatrices that represent the operations performed
by dierent optical elements.39,40 Kostenbauder extended this analysis to include frequency and
time using 4-dimensional vectors and a 4 x 4 matrix:

x
θ
t
f

out
=

A B 0 ∂xout
∂fin
C D 0 ∂θout
∂fin
∂tout
∂xin
∂tout
∂θin
1 ∂tout
∂fin
0 0 0 1


x
θ
t
f

in
=

A B 0 E
C D 0 F
G H 1 I
0 0 0 1


x
θ
t
f

in
, (3)
where A,B,C,D are dened in the same way as in the 2 x 2 ray transfer matrices. A Gaussian
beam can be propagated through an optical system where the optical elements are represented
by these matrices and the explicit inclusion of frequency and time enable calculations of beams
with spatio-temporal coupling. e pulse ploed in Fig. 1 was calculated by starting with an
initial beam radius of 5 mm, and a 15 fs FWHM pulse centered at 800 nm. A lens matrix transfor-
mation allows us to calculate the beam spot at the grating position. A grating with 2000 lines/mm
and an incident angle of 42◦ was used to generate angular dispersion in the calculated eld. is
calculated electric eld was propagated through an optical system consisting of two lenses spaced
by the sum of their focal lengths, and the result shows that an ultrashort tilted pulse can be deliv-
ered to the focus of an optical system. A tilted pulse can only be focused down to the diraction
limit, denoted as Wf in Fig. 1. However, the pulse-front tilt ensures that sub-diraction-limited
parts of the pulse will interact with the sample at dierent times.34 In essence, we exploit the in-
terference between dierent colors incident from dierent angles to generate a transform-limited
pulse over a sub-diraction limited area. More details about this calculation are available in the
methods section and supplemental information.
Since the angle of PFT, γ, is dened as the angle of the intensity front of the pulse with
respect to the phase fronts, we can calculate γ from the beam prole shown in Fig. 1 via the
7
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Figure 2: e calculated ORI image and diraction-limited image. e ORI image is in red, with
the dipole source positions identied with black lines. e the dierence in the peak centers
returns the spacing of the emiers. e diraction-limited image of a set of individual, incoherent
emiers located at the positions of the red lines and imaged with f/2 optics is shown in the lled
trace behind. e boom portion of the gure shows a possible optical apparatus that could
generate ORI signals.
inverse tangent. We nd γ = tan−1(Tf∗c
Wf
) = 87◦, where Wf and Tf are labeled in Fig. 1, and
correspond to the size of the focused spot and the time it takes the beam to sweep over that spot
respectively; c is the speed of light. e successful encoding of space into the time-dependent
polarization, P (3)(τ, T −px, tR), in the sample ensures that dierent parts of the sample will emit
a photon echo at dierent times. We note that the three time intervals upon which P (3) depends
result from the dierent arrival times of three independent ultrafast pulses. us, in addition
to the spatial information, P (3) also contains all the spectral information that is contained in a
measurement such as 2D electronic spectroscopy provided that all time intervals are scanned.
Interferometric heterodyne detection of the signal eld,E(3)sig , measures the precise arrival time
of the signal compared to a local-oscillator (LO) reference pulse.41,42 As in 2DES, a set of optics,
8
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oen in a 4f imaging conguration, collect the emied signal and focus both the signal and LO
pulse into a spectrometer. e spectrometer converts the time-domain signals into the frequency
domain and the resultant interference paern between the LO and the signal is measured on a
square-law detector. e frequency-domain signal on the detector can be expressed as
S(ω) =
∣∣∣∣ ∫ ∞−∞ dt (ELO(t− tLO + φ) + E(3)sig(t))eiωt
∣∣∣∣2, (4)
S(ω) =
∣∣∣∣eiωtLO+φELO(ω) + E(3)sig(ω)∣∣∣∣2, (5)
S(ω) = ILO + Isig + 2E
(3)
sig(ω)ELO(ω) cos(ωtLO + φ), (6)
where φ is the phase dierence between E(3)sig and ELO, and we used the shi theorem of Fourier
analysis to go from Eq. ( 4) to Eq. (5).36 We note that if φ is nonzero, it can be set to zero through a
phasing procedure in post-processing of the data.43 e order of operations, a Fourier transform
followed by taking the absolute square, reects the experimental detection process, and ILO and
Isig are the intensity of the LO and the signal pulses, respectively. e Isig contribution is weak
enough that it does not contribute to the measured signal, and ILO produces a constant signal
that can be removed experimentally in a variety of ways. Lock-in detection can remove this
contribution, as can ltering in the conjugate Fourier domain (the time domain) of the signal, tω.
In this domain, we can think of ILO as interference between ELO with itself, and this homodyne
process appears at time tω = 0. e measured interference between ELO(ω) and E(3)sig(ω) is
modulated by the dierence in arrival time between the LO and the signal, and appears at time
tω = tLO. As such, this interference paern provides a direct measurement of the time between
the LO and the signal. In addition, as long as tLO is greater than zero, we can isolate the nal term
in Eq. (6) that contains the information about the third-order molecular response of the sample.44
In an optical resonance imaging measurement, interferometric heterodyne detection allows
us to discriminate between arrival times of signals from dierent parts of the sample. Repeating
9
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the same mathematical analysis above for a signal with PFT we have
S(ω) =
∣∣∣∣ ∫ ∞−∞ dt (ELO(t− tLO) + E(3)sig(t− px))eiωt
∣∣∣∣2, (7)
S(ω) = ILO + Isig + 2E
(3)
sig(ω)ELO(ω) cos(ω(tLO + px)), (8)
where we assume φ = 0.
e value ELO(ω) is simply the amplitude at a given frequency, and it can be found from
the measurement of ILO, since ILO = |ELO(ω)|2. Using this information in combination with
the simplication of S(ω) discussed above, we can write the signal that contains our spatial
information as
S(ω) = 2E
(3)
sig(ω) cos(ω(tLO + px)) = 2E
(3)
sig(ω) cos(ωpx), (9)
where in the last step we set tLO = 0. In an ORI measurement, tLO represents the dierence in
arrival time between the LO pulse and the start of the tilted signal pulse as shown in Fig. 1. Since
tLO can be thought of as a constant phase, we set it equal to zero.
Generating the nal image can be accomplished with a nal Fourier transform of Eqn. (9)
back to the time domain
Simage(t) =
∫ ∞
−∞
dω 2E
(3)
sig(ω) cos(ωpx)e
iωt =
∫ ∞
−∞
dω E
(3)
sig(ω)(e
iωpx + e−iωpx)eiωt, (10)
Simage(t) = E
(3)
sig(t+ px) + E
(3)
sig(t− px), (11)
Simage(t)− = E
(3)
sig(t− px), (12)
where Simage(t)− corresponds to one side of the time axis generated by the Fourier transform.
We can ignore the other side of the axis since it contains identical information because the signal
eld is a real valued function. us, the spatial information encoded into our signal can be ex-
tracted from the measured experimental data. We note that since the bandwidth of the transition
10
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that generates E(3)sig is not innite, it will provide a fundamental limit on the resolution of the
instrument.
To assess the feasibility of this approach, we simulated the electric eld emied by a nite
number of point emiers. We divided our sample into 5 nm blocks. Each block represented a
dipole (e.g. a collection of molecules or atoms) that interacted with pulses 1 and 2, placing the
system in an excited state from which pulse 3 stimulated emission. e size of the illuminated
area was determined by Wf from Fig. 1, as we can set the spot size of beams 1 & 2 to be larger
thanWf . e magnitude of a photon echo signal E(3)sig scales as
E
(3)
sig ∝ |E1||E2||E3|, (13)
so if |E1| and |E2| are roughly constant, then the Gaussian width acrossWf scaled the magnitude
of the stimulated emission generated by pulse 3.
e emiing polarization in the sample was approximated as a dipole source because the size
of a single emiing block ismuch smaller than thewavelength of light. We simulated a dipole eld
with a carrier-wavewavelength of 800 nm, and aGaussian temporal envelope that has a FWHMof
15 fs in the paraxial approximation, where a spherical wave is represented by a complex quadratic
phase. A 15 fs pulse duration is equivalent to a transition with 60 nm of bandwidth centered at
800 nm. We calculated the electric eld in the spatial dimension with PFT, perpendicular to the
optical axis as a function of time. To simulate what the signal will look like at the detector, we
propagate the emied dipole eld through an f/2 optical imaging system using Fourier optics
to simulate focusing the signal into our spectrometer and then perform the operations outlined
mathematically above that simulate interferometric heterodyne detection with a 15 fs FWHM LO
pulse.
e results of this simulation, shown in Fig. 2, were calculated for a pair of emiers spaced
by 275 nm. is separation satises the Rayleigh criterion for identifying distinct point sources.
e image produced by the ORI simulation is ploed as the red trace in Fig. 2. e black lines
11
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ploed in the gure correspond to where the expected peak centers are based on the simulation
seings. Fig. 2 also shows the diraction-limited image generated in these calculations.
e result in Fig. 2 demonstrates that ORI can resolve structures below the diraction limit of
the optics used in the experiment. As clearly seen in Fig. 2 for f/2, diraction-limited imaging
only yields one feature, while ORI can resolve two features using these optics. spaced below the
diraction limit of f/0.5 optics. e limits placed on spatial resolution then become dependent
upon the separation in time of the emied signal from dierent parts of the sample under study.
In any real optical system, the physical optics cannot collect all possible steradians of emied
signal. However, in ORI, if the signals are measurably separated in time, this will determine the
resolution and not the numerical aperture of the collection optics. As such, for the simulation of
the signal shown in Fig. 2, we can calculate a smaller number of solid angles, and because of the
spacing of the emied spherical waves in time, accurately measure the spacing of the two point
emiers below the diraction limit.
Optical resonance imaging can overcome the diraction limit of the optics used and oers the
potential for superresolution imaging. It is possible to write a general equation that species the
resolution of an image generated with ORI. Starting with the denition of PFT from Eqn. 1 we
have
pc = tan γ =
c · Tf
Wf
, (14)
p =
Tf
Wf
, (15)
where c is the speed of light, and Tf andWf are dened in Fig. 1. To generate an image, the in-
strument must be able to distinguish between dierent points emied by the sample as a function
of time. e maximum possible number of independent time points that can be measured across
the emied signal, N, can be wrien as
N =
Tf
τs
(16)
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where τs is the FWHM of the signal. is is true as long as the pulse duration of the LO pulse is
as short or shorter than the temporal duration of the emied signal. Since dierent portions of
the sample emit at dierent times, the lateral spatial resolution (lr) of the experiment can then be
thought of as the number of independent points measured across the focused spot size
lr =
Wf
N
=
Wfτs
Tf
. (17)
We can then make use of Eqn. 15 to nd that
lr =
τs
p
. (18)
e result in eqaution 18 shows that the resolution in an ORI experiment only depends upon
the pulse front tilt applied and the temporal duration of the sample response (put equivalently,
the emission bandwidth of the sample). As such the resolution of an ORI image will improve
with larger PFT and faster sample response. For the results discussed in this work, using f/0.5
optics to generate angle of γ equal to 87 degrees produces a PFT of 0.0636 fs·nm−1. For a value
of τs = 15 fs, we nd a resolution of 240 nm, independent of the wavelength of the light.
e value of p in Eqn. 18 is the PFT of the emied signal. We have derived this result assuming
that the PFT of pulse 3 is equal to the PFT of the emied signal. e above result is quite general,
implying that the PFT of the signal is independent of the method in which PFT is delivered to the
sample. is presents opportunities to signicantly improve the resolution if novel ways can be
found to generate signicant PFT of the emied signal.
Conclusion
Excitons generated by the absorption of photons are routinely studied with nonlinear spec-
troscopy, however they cannot be imaged directly because techniques do not yet exist that have
the requisite spatio-temporal resolution. Excitation imaging with ultrafast temporal resolution
will oer new insights into the process of energy transfer and provide a tool to design and control
how energy moves through materials.
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Most experiments that can measure dynamics on femtosecond-to-nanosecond timescales re-
main diraction-limited.15,45 Some recent work has demonstrated superresolution pump-probe
microscopy; however, it is still limited to raster scanning a beam across the sample to generate
an image.46 In comparison, ORI generates a wideeld image since dierent parts of the sample
emit at dierent times and contribute to dierent parts of the image. Resolution is thus decoupled
from wavelength and is determined by the bandwidth of the emier and pulsefront tilt emied
by the sample.
A single ORI experiment to extract spatial information from the sample can be performed for
a xed time intervals, τ, T, and tR. In this fashion, each acquisition will have temporal resolution
on the order of the pulse-front tilt (ps), while a series of images will provide temporal resolution
limited by the length of the untilted pulse (15 fs) or the molecular response function, whichever is
longer. Changing the waiting time changes the population evolution, analogously to pump-probe
spectroscopy (or microscopy). Instead of looking at spectral changes, ORI will image the changes
in the sample. An opto-mechanical delay line can be used to control T out to the nanosecond
regime.
Another exciting possibility results from the opportunity spectroscopic resolve the input and
output energy. ORI is a third-order nonlinear experiment, therefore, the timing between all three
pulses can be experimentally controlled and so a complete measurement of the ORI response
function R(3)(τ, T, tR) will also contain spectral information. e ability to vary the time be-
tween pulses 1 and 2 is a degree of freedom unavailable in pump-probe microscopy, and Fourier
transforming along this coordinate would provide spectral information along the “pump” axis in
the same way as two-dimensional electronic spectroscopy. In addition, the heterodyne-detected
data in the frequency domain provide the spectral information contained in the signal. Assign-
ment of dierent spectral features is possible from two-dimensional electronic spectroscopy, and
when combined with this extra experimental handle, optical resonance imaging thus correlates
the input energy with the nal position and energy of the exciton.
Methods
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Kostenbauder Simulation of Pulse 3: e Kostenbauder matrix as dened in Eq. (3) can be used
to calculate how how a variety of dierent optical elements aect the propagation of a Gaussian
beam. Mirrors and distance propagators are dened in the same way as ABCD matrices with
terms E, F, G, H, and I (as dened in Eq. (3)) equal to zero, since mirrors and lenses do not
generate spatio-temporal couplings. A diraction grating is represented as
g =

− sinφ
sinψ
0 0 0
0 − sinψ
sinφ
0 λ cosφ−cosψ
c sinφ
cosψ−cosφ
c sinφ
0 1 0
0 0 0 1

, (19)
where ψ and φ are the input and output angles dened relative to the grating surface in the same
way as in reference.38 e simulated optical system consists of a focusing lens, a grating, and
then a pair of lenses to image the grating onto the sample. e electric eld of a Gaussian beam
can be described in terms of Q-matrices34 such that
E(x, t) = exp
[
− i pi
λ0
 x
−t

T
Q−1
x
t
]. (20)
e initial Q-matrix, Qin is given by
Qin = i
λ0
pi
Q˜xx Q˜xt
Q˜tx Q˜tt

−1
, (21)
where
Q˜xx = −i pi
λ0R(z)
− 1
w(z)2
, (22)
Q˜tt =
1
τ 2i
, (23)
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and the o-diagonal terms are zero since the pulse begins with no spatio-temporal coupling. In
the above equations, λ0 is the center wavelength, R(z) is the radius of curvature, w2(z) is the
beam radius, β is the spatial chirp, and τi is the temporal FWHM of the pulse and we have no
spatial chirp in the initial beam.
e Kostenbauder matrix representing the optical system can be found by taking the product
of the optical elements
K = d3l3d3l2d2gd1l1, (24)
where l denotes a lens operator, d a distance propagation operator, and g the grating operator.
Given Qin and the matrix K , we can calculate
Qsample =
[A 0
G 1
Qin +
B Eλ0
H I
λ0
][
C 0
0 0
Qin +
D Fλ0
0 1
]−1. (25)
e value calculated forQsample can be fed into Eqn. 20 to calculate the electric eld at the sample.
e data ploed in Fig. 1 are the intensity of the electric eld, |E(x, t)|2. e specic choices of
values for for the simulation ploed in Fig. 1 can be found in Table 1. ese calculations were
carried out using Wolfram Mathematica 10.2.
Simulation of Emied Signal: All calculations of the emied signal were performed using
MATLAB R2015a. e emied third-order signal, E(3)sig , was modeled as a spherical wave that re-
sults from a single dipole emier. We choose to make the approximation necessary for the use of
Fourier optics, where a spherical wave can be represented by a quadratic phase term that approx-
imates the spherical wavefronts as parabolic.47 In addition, since we only have pulse-front tilt in
one spatial dimension, x, we choose to calculate the electric eld in the x-dimension perpendic-
ular to the direction of propagation, which is dened as z. e signal has a carrier frequency of
375 THz (center wavelength of 800 nm) and a Gaussian temporal envelope with a FWHM of 15 fs.
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Table 1: List of Simulation Values
Kostenbauder Signal
Parameter Value Parameter Value
gsp 500 nma τs 15 fs
θin 0.74 radb Wf,FWHM 814 nm
θout 1.18 radb zobs 210 µm
ψ pi/2- 0.74 rad optical aperture (collection) f/2
φ pi/2 + 1.18 rad spatial stepsize 5 nm
λ0 800 nm temporal stepsize 10 as
w(0) 5 mm d 1 Debye
R(0) 108 mm
τi 15 fs
optical aperture f/0.5
d1 = f of l1 125 mmc
d2 = f of l2 100 mmc
d3 = f of l3 25 mmc
a) spacing between lines on diraction grating. b) θin and θout for diraction grating dened relative to grating normal. c) f in this context
denotes the focal length of the lens.
As such, the signal from a given dipole and can be wrien as
E
(3)
sig(x, z, t) =
(
d · k2
4pi0
)
ei
k(x−η)2
2z e−iω(t+t
′)e−(
z
c
−(t+t′))2/2( τmol
2.35482
)2e−(x)
2/2(
Wf,FWHM
2.35482
)2 , (26)
where d is the dipole moment and k is the wavevector, z is the position along the optical axis of
the system, and t′ is the time of dipole emission as determined by the pulse-front tilt. e origin
of the x-axis is centered about the axis dened by z, and η corresponds to the distance of the
dipole emier from the optical axis. e last term accounts for the Gaussian nature of the spatial
illumination of the sample by Pulse 3. Pulse-front tilt leads to emission of dierent parts of the
sample at dierent times. e emission of the rst dipole at a given point in the material starts at
a given time, t′ = 0, and we calculate its E(3)sig as a function of x and t for a xed value of z = zobs.
e next dipole to emit is delayed in time from the rst by
t′ =
x
c
tanγ. (27)
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e time spacing between points in the simulation is 0.01 fs, and the spatial extent of x corre-
sponds to the size of the aperture of f/0.5 optics illuminated by the Gaussian beam ploed in
Fig. 1.
To simulate imaging this eld into a spectrometer, we model an optical system with f/2
optics, which consists of 2 lenses of focal length f, spaced by 2f. Equation 26 is used to calculate
the electric eld directly behind the rst lens of the imaging system and we calculate the eld at
the front focal plane of the second lens, where the image forms using Fourier optics in the Fresnel
approximation.47 e image forms on the input slit of a spectrometer that will be used to measure
the emied interferogram of E(3)sig(x, z, t) with ELO. Taking E
(3)
sig(x, z, t) as the input eld of the
Fourier optics, Uin, we can write an operator, Sˆ, to model the optical system and calculate Uout,
the output eld, as
Uout = Sˆ Uin = F
−1Q[−λ2f ]FQ
[−1
f
]
F−1Q[−λ22f ]FQ
[−1
f
]
Uin, (28)
where F andQ are a spatial Fourier transform, and quadratic phase operator as dened by Good-
man, respectively,47 and the values in brackets are the input arguments for the operator. All
Fourier transforms are calculated numerically using the fast-Fourier transform (FFT) algorithm
in Matlab. To simulate the eect of the spectrometer we perform an FFT along the temporal
dimension of Uout and then sum down the spatial dimension since the imaging system is dirac-
tion limited, there is no additional spatial information along this axis. Equivalently, we could
have used just one line from the calculated array, representing a one-dimensional array of pixels
on a detector. An LO signal is calculated using a carrier wavelength of 800 nm and τ = 15 fs
FWHM and the FFT of the LO is multiplied by the summed FFT of Uout. Measured electric elds
are real valued, so we keep only the real part of the product dened in Eq.(9). Still in the fre-
quency domain, we shi the position of the interferogram so that the peak is centered around
zero frequency to remove any high-frequency contributions to the image. Finally we take the
inverse FFT and plot the magnitude of the complex signal as the image in Fig. 2.
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